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Evaluating Ef� ciencies of Turbofan Jet Engines:
A Data Envelopment Analysis Approach
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Data envelopment analysis (DEA), a mathematical-programming-basedmethod, has been developed in the op-
erations research and economics literatures for effecting ef� ciency evaluations. Its use is explained and illustrated
with an application to data on turbofan jet engines. Results are compared with standard engineering methods for
measuring ef� ciency. In contrast to the latter, DEA handles data on multiple inputs and multiple outputs that can
be used to characterize the performance of each engine. This is accomplished without recourse to any use of prear-
rangedweights.DEA also providesinformationonthe sources andamountsof inef� ciencies in each inputandoutput
of each engine without requiring knowledge of the functional relations that give rise to these estimates. DEA repre-
sents an alternative method for evaluating ef� ciencies. Its purpose is to augment, not replace, traditional methods.

Nomenclature
A = projected area of turbofan
d(A, B) = distance from A to B
e = vector with all elements unity
ÇQo = heat input to engine from fuel

s = vector of slack variables
T = transpose
To = cruise thrust
u = vector of weights (multipliers) to be determined

for input
V = velocity
Vo = cruise velocity of plane
v = vector of weights (multipliers) to be determined

for output
x = vector of inputs
xo , yo = input and output vectors to be evaluated
y = vector of outputs
e = a positive (non-Archimedean in� nitesimal element)

smaller than any positive real number
g 0 = engineering ef� ciency of jet engine
h = scalar measure of ef� ciency
¸ = intensity vector re� ecting amount of each input

and output used in an evaluation
µ = vector of weights for outputs derived from v
q = density of air
! = vector of weights for inputs derived from u

I. Introduction

T HE typical engineeringde� nition of ef� ciency for a jet engine
is the ratio of work rate output over fuel energy input.1 For

average turbofan engines, this ratio is approximately 35%. In con-
formance with the usual engineering de� nition of ef� ciency, this
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evaluation refers only to a single input and a single output for each
engine. Extensions to multiple inputs and multiple outputs are also
possible that involve recourse to weighting schemes. Such weight-
ing schemes generally raise additional problems, however, and also
fall short in their ability to identify the sources and the amounts of
inef� ciencies in the inputs and the outputs for each engine relative
to all other engines.

In this paper, we turn to another technique, data envelopment
analysis (DEA), as developed relatively recently in the operations
research and economics literature.2 After initial investigations by
Charnes et al.,3 DEA has been extended and applied in many dif-
ferent situations (see the bibliography in Ref. 2, which cites some
500 articles and publications). As we shall illustrate with an ex-
ample involving turbofan jet engines, DEA provides an alternative
measure of overall ef� ciency. It additionally relates each engine to
all other engines in the data set in order to identify a set of most
ef� cient engines and uses this as a basis for estimating sources and
amounts of inef� ciencies for each engine. En route to accomplish-
ing this, it provides an optimal set of weights. This differs from
ordinary weighting schemes in that the weights are not imposed.
Instead, they are derived from the data. The weights also yield the
best (or highest) possible ef� ciency values for each of the engines
being evaluated. Finally, all ef� cient engines that are used to affect
each of these evaluations are also identi� ed.

For an illustrativeexample,we use 29 turbofan jet engines. In this
paper, we � rst describe the DEA methods and models to be used
and relate them to the engineering de� nitions of ef� ciency. Next,
we apply the DEA method to a class of turbojet engines used in
commercial aircraft. The input and the output criteria used in the
de� nition of ef� ciency are described and applied to a total of 29
engines. The results and interpretationsof the DEA evaluations are
then presented and contrasted with traditional ef� ciency measures.
Finally, we provide extensions for consideration in the use of DEA
modeling for engineering applications.

II. Models and De� nitions
A. Single Input–Output Situations

We begin with a de� nition of ef� ciency in a single input–output
situation,which is common in engineering.Although the ef� ciency
de� nitionvaries fromone engineering� eld to another,the following
captures the basic engineering consideration:

0 · Eo = yo / yT = (yo / xo)/ (yT / xo) · 1 (1)

where yT is the maximum possible (or theoretical) output that can
be obtained from using input xo and yo is the actual output obtained
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from using the same input xo . We then use Eo as the ef� ciency
rating for the device (or engine) o and note that 0 · Eo · 1, as is
customary in engineering,with Eo = 1 if and only if yo = yT .

We now introducenonnegativevariables(weights, or multipliers)
u and v to obtain the same Eo as in Eq. (1) from a mathematicalpro-
gramming model that will help to explain the extension to multiple
input–output situations described later. Consider the following:

go = max
v ,u

vyo

uxo

vyT

uxo
·1,

vyo

uxo
·1, u, v ¸ 0 (2)

The go value is maximal with v ¤ yT /u ¤ xo · 1 and v ¤ yo /u ¤ xo · 1,
as represented in the constraints, where the superscript ¤ desig-
nates an optimal solution. Because yo · yT , we have Eo = go with
v ¤ yo / u ¤ xo · v ¤ yT /u ¤ xo , and hence yo / yT · xo / xo =1, as before.
We thus have derived a customary engineering de� nition from a
principle of optimality.

Now we generalize this to the case in which there are n devices
to be evaluated. Let J ={ j}n

j =1 be the index set of these devices.
Each device j producesoutput y j by using input x j for all j 2 J . Let
jo = o 2 J be a device to be evaluated with output yo by using xo .
If a known relationship gives an explicit function such as f : xo !
yT , as constructed from theoretical derivationsand/or experimental
observations, one could rate each device relative to its theoretical
maximum. In many situations, however, this function is unknown,
or only partially known, so we want to avoid this assumption here.

To move toward this objective we utilize a path that will mea-
sure the relative ef� ciency of each device on the basis of only the
input–output data observed from the devices being analyzed. This
is accomplished by means of the following:

vyT /uxo = max
j 2 J

(vy j /ux j ) (3)

which implies that the maximal value among the ratios of various
outputs to various inputs observed from all devices is regarded as
the maximum possible rating of any device o.

Extending Eq. (2) to accommodate Eq. (3), we have a model that
can be used to measure the relative ef� ciency of each device, as
follows:

ho = max
v ,u

vyo

uxo

vy j

ux j
· 1 8 j, u, v ¸ 0 (4)

Because the device o being evaluated in the objective is also part of
the constraints, it follows that 0 · ho · 1. Like Eo in Eq. (1), for
any device o, we have a measure that can be applied successivelyto
each device with ho = 1 if the device o has full ef� ciency. A value
of ho < 1 means that 1) ef� ciency has not been achieved and 2)
1 ¡ ho measures the relative ef� ciency shortfall (or inef� ciency) of
the device being rated.

B. Extension to Multiple Input–Output Situations

We have provided a process for deriving a mathematical pro-
gramming model as in Eq. (4) to evaluate the ef� ciency of perfor-
mances that we developed from the engineering de� nition of ef� -
ciency essential in a single input–output situation. In fact, Eq. (4)
is a special case of DEA, which uses an approach to treat multiple
input–multiple output extensions of the above development.

To continuewith the case of multiple inputs and multipleoutputs,
assume there are m inputs that each of n devices utilizes in order to
produces outputs.Let x j and y j be columnvectorswith components
that respectively record the amounts of each of the m inputs and the
s outputs for every one of the j =1, . . . , n devices to be evaluated.
As in Eq. (4), we introduce the weights u and v associated with
inputs and outputs that are now column vectors of lengths m and s,
respectively.Then we utilize the followingmodel to evaluatedevice
o with data (xo , yo ):

zo = max
v,u

vT yo uT xo

subject to

vT y j uT x j · 1 8 j, uT xo
¡ 1

¢ uT ¸ e eT

uT xo
¡ 1

¢ vT ¸ e eT (5)

To see how this relates to the preceding development, we can
regard u ¤ T xo = x̂o as a virtual input and v¤ T yo = ŷo as a virtual out-
put. Given the optimum solution in terms of weights (u¤ , v ¤ ) we
can obtain a ratio zo from the scalars ŷo / x̂o , in analogy to Eo in
Eq. (1) and go in Eq. (2) and thereby identify this developmentwith
the ordinary engineering de� nitions of ef� ciency. Note that there
is no weight to be speci� ed in advance. Taking into account the
performances of all devices, we secure the ef� ciency evaluation by
choosing the best (or optimal) weights for the device being rated
in the sense that these choices yield the highest possible zo value
that the data allow for each device. Thus, as different devices are
brought into the objective, the same procedures will generally lead
to choices of u ¤ , v ¤ that differ for each of the evaluated devices. In
all cases, 0 · zo · 1, because the data for the device being rated
are also retained in the constraints.

It is assumed that all inputs and outputs to be weighted (before
being summed) have some positive worth. It is, however, not nec-
essary to specify these values. This is accomplishedby introducing
the non-Archimedeanin� nitesimal e > 0 de� ned to be smaller than
any positive real number. The constraints (uT xo) ¡ 1 ¢ uT ¸ e eT and
(uT xo) ¡ 1 ¢ vT ¸ e eT provide the necessarymathematical formalism,
where the eT are row vectorswith all componentsequal to unity but
with possibly different lengths as determined from the contexts of
their use. Practically, in most DEA computer codes the need for ac-
cording a speci� c value to e > 0 is avoided in terms of a two-phase
operationanalogousto the way the so-calledbig M is handledwhen
a set of arti� cial variablesis treated in ordinary linear programming.
See Arnold et al.4 for an extended use of the non-Archimedeanele-
ment and detailed discussionsof two-phaseprocedures in DEA and
in linear programming.

C. Computational Aspects and Ef� ciency

Reference to Eq. (5) shows that it is a nonlinear (nonconvex) pro-
gramming problem and hence is best used for conceptual clari� ca-
tion. However, this is an ordinary fractional programming problem.
Hence it can be replacedwith the linear programmingequivalentby
means of the following change of variables5:

t = uT xo
¡ 1

, !T = tuT , µ T = tvT (6)

Carrying out these substitutions in Eq. (5) we obtain
zo = max µ T yo

subject to

µ T y j ¡ !T x j · 0 8 j

!T xo = 1

!T ¸ e eT

µ T ¸ e eT (7)

The linear programming dual to Eq. (7) is

min h o ¡ e eT s ¡
o + eT s+

o

subject to

j

x j k j + s ¡
o = h oxo

j

y j k j ¡ s+
o = yo (8)

with all variables being nonnegative, but with h o otherwise uncon-
strained, where s ¡

o is an m-column slack vector of input excesses
and s+

o is an s vector of output slacks for device o. See Ref. 5, which
initiated the � eld of fractional programming.

Since zo ·1 in Eq. (7), it followsthat theconditionfor full (100%)
DEA ef� ciency of any device o becomes zo =1. In expression (8)
this condition becomes

h ¤
o = 1, s ¡ ¤

o = s+ ¤
o = 0 (9)

We note that, by means of the dual theorem of linear programming,
z ¤

o = h ¤
o ¡ e (eT s ¡ ¤

o + eT s+ ¤
o ). Also note that (xo , yo ) is representedon

the left-handas well as the right-handside of expression(8). Hence,



BULLA ET AL. 433

h o =1 is always achievableso h ¤
o · 1. We thus conclude that zo = 1

if and only if the conditions de� ned in Eqs. (9) hold. A proof and
extended description can be found in Ref. 6, p. 67.

A valueof h ¤
o < 1 means that all inputs xio , i =1, . . . , m of device

o can be reduced to the levels h ¤
o xi o without changing their propor-

tions. In the DEA literature, this is referred to as “(pure) technical
inef� ciency” and is interpreted to mean that the evidence shows
that this proportional reduction of all inputs could be accomplished
without worsening any output. If, in addition, s ¡ ¤

i o > 0 for any com-
ponent of s ¡ ¤

o , then a still further reduction in input i can be made.
This further reduction alters the input proportionsand hence repre-
sents a mix inef� ciency.Note that both of the pure technicaland mix
inef� ciencies are to be comprehended by technical inef� ciency.7,8

In either or both cases, this means that the following improvements
can be made:

x̂io = h ¤
o xi o ¡ s ¡ ¤

io · xio , i = 1, . . . , m (10a)

Moreover, inspection of the structure of expression (8) shows that
these improvements can be effected without worsening any other
input and output.Similarly, if s + ¤

ro > 0 for any componentof s+ ¤
o then

ŷro = yro + s+ ¤
ro ¸ yro , r = 1, . . . , s (10b)

This means that the r th output can also be improved without wors-
ening any other input and output.

This interpretationof Eqs. (9) leads to the following de� nition of
ef� ciency.

D. De� nition of Ef� ciency

A device is to be regardedas 100% ef� cient if and only if it is not
possible to improve any of its inputs or outputs without worsening
some of its other inputs or outputs.

The optimizations in Eq. (7) and expression (8) represent ele-
ments in models designed to implement this de� nition of ef� ciency.
Thus, if Eqs. (9) are ful� lled, then there is no evidence of rela-
tive inef� ciency. Speci� cally, this result means that no other device
and no nonnegative combination (in a piecewise linear manner) of
the performances exhibited by the other devices is able to improve
on the performance exhibited by the device being evaluated in the
objective of expression (8).

It is to be emphasized that here we are con� ning attention to the
physical(or engineering) aspectsof ef� ciency. In the DEA literature
this is referred to as “technical ef� ciency” and distinguished from
other types of ef� ciency such as “price” and “allocative ef� ciency”
in which economic or other types of evaluation elements permit a
worsening of some input or output in order to improve some other
input or output.

E. Geometrical Portrayals

The situation we are considering may be idealized by reference
to Fig. 1. Here six devices are indicated, each of which utilizes two
inputs in amounts (x1 , x2) to produce one unit of the same output.
The performance of F utilizes more of both x1 and x2 than C and
hence is clearly inef� cient. Thus, using expression (8) would result
in a value of h ¤

F < 1. Graphically, this can be identi� ed as the ratio
of the distances from 0, the origin, to F 0 and to F. In this sense the
h value is referred to as a radial measure of ef� ciency that we can
formalize as

0 · h ¤
F =

d(0, F0 )
d(0, F)

· 1 (11)

Fig. 1 Ef� ciency eval-
uations in two inputs
and oneoutputexample.

with d(0, F 0 ) ·d(0, F), where d is a Euclidean (or L2 metric) dis-
tance function. This signi� es the proportional reduction in both in-
puts that couldbe reachedbymovingfromF to the pointF 0 generated
from a convex combination of B and C.

The situation for G is slightly more complex. Here we have

0 · h ¤
G =

d(0, G0 )
d(0, G)

< 1 (12)

with d(0, G 0 ) < d(0, G), so both inputs of G couldbe reducedin the
proportion 1 ¡ h ¤

G to improve this performance without worsening
its output. This movement from G to G0 , however,does not imply an
end to the ef� ciency improvement of G. Further improvement can
be identi� ed from a comparison of G 0 and C. Obviously C uses less
x1 and no more x2 than G 0 in productionof the same one-unit output.
Thus the further improvement in moving from G 0 to C represents a
removal of the nonzero slack s ¡ ¤

1G .
The situationat A is different in that h ¤

A =1, which satis� es one of
the conditions for ef� ciency in Eqs. (9). However, the amount of x2

utilized by A exceeds its correspondingvalue in B, which therefore
produces the same one unit of output with less x2 and no more x1.
This difference in the x2 values is represented by s ¡ ¤

2A , the removal
of which would position A at B.

As can be seen, all evaluationsare effected relative to the frontier
representedby the solid linesconnectingA to D in a piecewiselinear
manner. Movement from A to B or from D to C may be effected by
removing slacks that will improve one input without worsening the
other input. Only between B and C is such movement not possible.
This represents the ef� cient frontierportionof the frontier. It is from
this portion of the frontier that all of the ef� ciency evaluations are
made.

To put this all together, we move to the general situation by ex-
tending Eqs. (9) to the following expressions:

x̂o = h ¤
o xo ¡ s ¡ ¤

o =
j

x j k
¤
j , ŷo = yo + s+ ¤

o =
j

y j k
¤
j

(13)

which project the originally observed data (xo , yo ) into (x̂o , ŷo ) As
shown in the graphical interpretation above, the values x̂o and ŷo

become the coordinatesof the point on the ef� cient frontier used to
effect the evaluation of device o.

The expressions on the left-hand side of Eqs. (13), referred to
as the Charnes, Cooper, and Rhodes3 (CCR) projection formula,
specify all inef� ciencies that can be identi� ed in the performance
of device o without any worsening of inputs and outputs. Charnes
et al.3 � rst introduced Eqs. (13) and analyzed their properties. The
computer codes used in DEA generally use variants of the simplex
methodthatutilizebasis sets to affect the desiredoptimumsolutions.
Hence we can replace Eqs. (13) with

x̂o = h ¤
o xo ¡ s ¡ ¤

o =
j 2 JB

x j k
¤
j , ŷo = yo + s+ ¤

o =
j 2 JB

y j k
¤
j

(14)

where JB represents the basis index set when an optimal solution
is obtained in evaluating device o so that j 2 JB and DMU j is also
ef� cient if k ¤

j > 0.
To summarize, we have a set of ef� cient devices with the vectors

(x j , y j ) 8 j 2 JB , which measures the ef� ciency of the device with
coordinates (xo , yo ) being evaluated. The coordinates x̂o , ŷo corre-
spond to points on the ef� cient frontier generated by the right-hand
side expressions in Eqs. (14). The set JB therefore comprises the
peer group that is used to evaluate device o. This identi� cation can
be of value by directing attention to members of the peer group
when information is sought on how to improve the performances
in each of the particular inputs and outputs in (xo , yo ). The Public
Utility Commissions of Texas havemade extensiveuse of thesepeer
groups in the ef� ciency audits of utilities that they are required to
perform under legislative mandates.9 Hence we can use Fig. 1 to
illustrate this point by noting that B and C enter with positivevalues
of k ¤

B and k ¤
C in the evaluation of F. Similarly, either B or C or both

will have a positive lambda ( k ) value as a member of the basis sets
used to evaluate all of the other points in Fig. 1 as well.
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III. Turbofan Jet Engine Data
A. Input–Output Criteria

We have chosen to focus our study on data for 29 turbofan jet en-
gines being used on commercial airplanes. The planes on which the
engines are used vary in size and � ight pattern (i.e. altitude, cruise
velocity, length of � ight, etc.), but these characteristicsare not used
directly to determine the ef� ciency of the jet engine. The data were
collected from several sources1,10,11 and a tabulated version is pre-
sented in Table 1. A total of three inputs and two outputs, described
below, were chosen to illustrate the DEA method. Although this
study is to serve only as an example of possible applications of
DEA to engineering situations, the inputs and outputs were chosen
to represent useful engineering parameters. Other inputs such as
cost, engine maintenance, etc. could also be included.

B. Inputs

Fuel Consumption (in Pounds Mass per Hour)

The fuel consumptioninput was backed out of the thrust-speci�c
fuel consumption and cruise thrust data for each engine. It was
separated to allow it to be identi� ed as an input in its own right.

Weight of Engine (in Pounds Force)

The weight of the engine is important mainly when the engine
is used on smaller aircraft. As aircraft get larger and are set up for
longer � ights, the weight of the fuel supersedesthe weight of the en-
gine as a concern.For these larger aircraft, the fuel consumptionbe-
comes themost importantfactor.Weightwas alsochosento illustrate
how DEA can utilize nondynamic parameters for an ef� ciency rat-
ing. We picked this parameterbecauseit couldhave rami� cationson
the dynamic performanceof the engine when applied to an airplane.

Drag (in Pounds Force)

The drag is a relativeforce that is a functionof fandiameter(area),
cruise velocity, and air density at cruise altitude. For this study, we
chose a drag equal to 1% of the force caused by stagnationpressure
on the projected area of the fan. The formula is

drag = 1% of 1
2
q V 2 A

Table 1 Data for 29 turbofan jet engines

Inputs Outputs
Engines Fuel consumption, Weight, Drag, Air� ow, Cruise thrust,

Make Model Number lbm/hr lbf lbf lbm/s lbf

AlliedSignal TFE731-2 1 615 743 246 113 755
AlliedSignal TFE731-3 2 682 754 246 118 817
AlliedSignal TFE731-5B 3 795 899 246 143 1,052
AlliedSignal TFE731-20 4 638 836 246 123 876
CFE 738 5 937 1,325 571 210 1,464
CFM CFM56-2B 6 3,265 4,671 1,831 817 4,969
CFM CFM56-3 7 3,262 4,301 1,595 655 4,890
CFM CFM56-3C 8 3,200 4,301 1,413 688 4,885
CFM CFM56-5A 9 2,980 4,975 1,831 852 5,000
CFM CFM56-5C 10 3,311 5,494 2,052 1,027 5,840
CFM CFM56-5CX 11 3,597 5,494 2,770 1,027 6,600
Garrett TFE731-5 12 760 850 387 140 986
GE GE90-76B 13 9,100 16,664 7,049 3,000 17,500
GE GE90-76B 14 9,100 16,664 7,049 3,120 17,500
GE CF6-50C2 15 7,280 8,490 2,930 1,476 11,555
GE CF6-80C2 16 6,912 9,135 3,395 1,650 12,000
IAE V2535 17 3,307 5,224 1,558 848 5,752
IAE V2528-D5 18 3,314 5,511 1,321 825 5,773
P&W JT8D-15A 19 3,833 3,474 1,197 327 4,920
P&W JT9D-59A 20 7,720 9,140 4,135 1,639 11,950
P&W PW2037 21 3,783 7,300 3,187 1,210 6,500
P&W Canada PW300 22 751 993 411 180 1,113
Rolls Royce 535C 23 5,461 7,294 2,144 1,142 8,453
Rolls Royce 535E4B 24 5,203 7,189 2,179 1,150 8,700
Rolls Royce RB211-22B 25 5,963 9,195 3,187 1,380 9,495
Rolls Royce RB211-524B 26 7,073 9,814 3,262 1,513 11,000
Rolls Royce RB211-524H 27 6,733 9,874 3,300 1,604 11,813
Rolls Royce RB211-535E 28 5,156 7,306 2,179 1,151 8,495
Rolls Royce Trent895 29 7,241 13,133 5,113 2,700 13,000

where q is the density of air at altitude of velocity data, V is the
velocity of a plane with a given engine at reference altitude (cal-
culated from the Mach number), and A is the projected area of the
fan surface into � ow (a circle). Table A1 in Appendix A lists the
values of these parameters for all 29 engines, which data are used
to calculate the drag values under inputs in Table 1.

C. Outputs

Air�ow (in Pounds Mass per Second)

The air� ow is important for the propulsive ef� ciency of a jet en-
gine. Propulsive ef� ciency increases as the air� ow increases and/or
exit velocitydecreases.The limiting factors on air� ow are in the fan
(diameterand geometry) and with the numberof compressorstages.

Cruise Thrust (in Pounds Force)

Cruise thrust allows for a comparisonof the propulsiveef� ciency
of the engine. Cruise velocity is not used because it represents the
drag characteristics (or design) of the plane.

There are some implicit relationshipsbetween the inputs and the
outputs that add explanatory power to the results. Direct engineer-
ing relationships were not used because they contain many prede-
� ned ratios (such as the bypass ratio). Using ratios creates a loss of
information in that, for example, 10% cannot distinguish between
1
10

and 20
200

. DEA allows for data to be separated into their core form
and is not dependent on the consistency of units (e.g., pounds, feet,
dollars, etc.) that may therefore differ for the different inputs and
different outputs. Although DEA can handle many more inputs and
outputs, we limited the number of inputs to three and the number of
outputs to two in order to simplify the presentation. This gave ad-
equate degrees of freedom for the study without overcomplicating
the illustration.

IV. Results and Investigations
A. Ef� ciency Classi� cation

We now apply DEA and run the model given by expression(8) to
evaluate the ef� ciency of these engines by using the data in Table 1.
Table 2 shows the results for the 29 engines, which include the ra-
dial ef� ciency measures (h ¤

o ) and the slacks of inputs and outputs.
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Table 2 DEA ef� ciency results

Engines Input slacks Outputs slacksRadial
Make Model Number ef� ciency (h ¤

0
) Fuel consumption Weight Drag Air� ow Cruise thrust

Allied signal TFE731-2 1 0.8575 29.96 0 0 0 0
Allied signal TFE731-3 2 0.8961 67.59 0 0 0 0
Allied signal TFE731-5B 3a 1 0 0 0 0 0
Allied signal TFE731-20 4 0.8937 0 0 0 0 0
CFE 738 5 0.8780 0 0 0 3.34 0
CFM CFM56-2B 6 0.9114 149.77 0 52.58 0 0
CFM CFM56-3 7 0.8652 0 0 0 16.40 0
CFM CFM56-3C 8 0.9238 0 0 0 0 0
CFM CFM56-5A 9 0.9285 0 0 0 0 0
CFM CFM56-5C 10 0.9838 0 0 0 0 0
CFM CFM56-5CX 11a 1 0 0 0 0 0
Garrett TFE731-5 12 0.9015 118.41 0 62.97 0 0
GE GE90-76B 13 1 0 0 0 120 0
GE GE90-76B 14a 1 0 0 0 0 0
GE CF6-50C2 15a 1 0 0 0 0 0
GE CF6-80C2 16a 1 0 0 0 0 0
IAE V2535 17 0.9898 0 0 0 0 0
IAE V2528-D5 18a 1 0 0 0 0 0
P&W JT8D-15A 19a 1 0 0 0 0 0
P&W JT9D-59A 20 0.9941 768.14 0 742.00 0 0
P&W PW2037 21 0.9105 0 356.15 300.01 0 0
P&W Canada PW300 22 0.9496 79.33 0 32.98 0 0
Rolls Royce 535C 23 0.9628 0 0 0 0 0
Rolls Royce 535E4B 24 0.9986 0 0 0 29.90 0
Rolls Royce RB211-22B 25 0.8928 0 0 0 41.70 0
Rolls Royce RB211-524B 26 0.9022 0 0 0 4.49 0
Rolls Royce RB211-524H 27 0.9998 0 0 0 86.50 0
Rolls Royce RB211-535E 28 0.9749 0 0.14 0 11.90 0
Rolls Royce Trent895 29a 1 0 0 0 0 0
aEight ef� cient engines.

Our � rst � nding is that 8 out of 29 engines are DEA ef� cient. We
also � nd all zero slacks in the last column under cruise thrust. This
provides a guide to show how each inef� cient engine can be im-
proved by reference to each input–output source without changing
cruise thrusts where all slacks are zero.

As shown in Table 2, the engines found to be inef� cient fall into
three categories,as follows: 1) the radial ef� ciency score h ¤

o =1 but
nonzero slacks are present (see engine 13), 2) h ¤

o < 1 and the slacks
are all zero (see, e.g., engine 4), and 3) h ¤

o < 1 and nonzero slacks
are revealed (see e.g., engine 1). For engine 1, this means that all
three of the inputs (fuel consumption,weight, and drag) would need
to be reduced by nearly 15% (1 ¡ h ¤

o ) to achieve purely technical ef-
� ciency. The fuel consumption input would also need to be reduced
an additional 30 lb¢ m/h to achieve a full (100%) ef� cient rating.

It should be noted that these results are relative to the perfor-
mances of the other engines. In particular, the rating of an engine is
affected by a peer group chosen by means of the optimization used
in DEA, as discussed in Eqs. (13) and (14). To see this, we turn
to Tables 3 and 4, which represent a standard type of DEA report
at the individual engine level. These examples are slightly modi-
� ed versions of reports generated by a DEA code that is available
from the Center for Managementof Operationsand Logistics at The
Universityof Texas at Austin, Austin, Texas. Other computer codes
are described and evaluated in Ref. 2.

At the top of Table 3 the theta value is, of course, the same as
the 0.8575 rating shown for engine 1 in Table 2. The data in the
column under “Value if ef� cient” of the � rst table are the CCR
projected values by use of Eqs. (13), which means that engine 1
can be DEA ef� cient if it uses these values. Moving to the second
part of Table 3, one can � nd the peer group members and their
lambda values and also their actual observed data. The peer group
of engine 1 consists of engines 3, 15, and 29, whose lambda values
are 0.2633, 0.0259, and 0.0137, respectively.As noted in Eqs. (14),
the actual data of these peer engines construct the ef� cient facet that
affects all inef� ciency scores and identi� es sources and amounts
of inef� ciency for engine 1 being evaluated. A point we want to
emphasizehere is that engine3 with its lambdavalueof 0.2633gives
a relatively stronger effect to the ef� ciency evaluation of engine 1
than the others in this peer group. In fact, engine 3 among these

Table 3 Ef� ciency summary for engine 1: Allied signal TFE731-2

Criteria Value observed Slack Value if ef� cient

Radial ef� ciency score (theta) = 0.8575
Fuel consumption 615 30 497
Weight 743 0 637
Drag 246 0 211
Air� ow 113 0 113
Cruise thrust 755 0 755

Peer group (facet) and their actual data
Engine number 3 15 29
Engine name TFE731-5B CF6-50C2 Trent895
Lambda value 0.2633 0.0259 0.0137
Fuel consumption 795 7,280 7,241
Weight 899 8,490 13,133
Drag 246 2,930 5,113
Air� ow 143 1,476 2,700
Cruise thrust 1,052 11,555 13,000

Table 4 Ef� ciency summary for engine 13: GE GE90-76B

Criteria Value observed Slack Value if ef� cient

Radial ef� ciency score (theta) = 1.0000
Fuel consumption 9,100 0 9,100
Weight 16,664 0 16,664
Drag 7,049 0 7,049
Air� ow 3,000 120 3,120
Cruise thrust 17,500 0 17,500

Peer group (facet) and their actual data
Engine number 14 —— ——
Engine name GE90-76B —— ——
Lambda value 1.000 —— ——
Fuel consumption 9,100 —— ——
Weight 16,664 —— ——
Drag 7,049 —— ——
Air� ow 3,120 —— ——
Cruise thrust 17,500 —— ——
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peers has the most similar size of actual input–output data to that
of engine 1. This is a frequent result in which DEA suggests such a
predominantdevice as a benchmarkfor the deviceunder evaluation.

Table 4 notes another situation in which h ¤
o = 1 for engine 13 but

ef� ciency is not achieved because of nonzero slack in air� ow. The
data of engine 13 are the same as those of engine 14 except for
air� ow output values (i.e., air� ow output of engine 13 =3000, but
for engine 14 = 3120). Thus the peer group for engine 13 consists
only of engine 14, so that, as found from our DEA analysis, the data
show that engine 13 must increase its air� ow output by the slack
amount of 120 (= 3120 ¡ 3000) in order to be ef� cient.

All information on DEA ef� ciency, including the peer groups
used to evaluate each of the 29 engines, are shown in Table A2 of
AppendixA. In fact, Tables3 and 4 simply recapitulatethese results
in a different form for engines1 and 13. Thus the two tables may be
used in tandem, if this is needed, and Table A2 may then be used to
guide attention when the recapitulation is wanted.

Witness,for instance,thecase of engine20 in TableA2. The value
of h ¤

o =0.9941 might tempt one to regard the deviation from unity
as trivial. However, the slack values are far from optimal and, more-
over, theyhave the largestof all valuesin their respectiveinef� ciency
characterizations.Further inquirymight thereforebe warranted.Di-
recting attention to the peer group column, we � nd that the largest
lambda value of the peer group members is k ¤

16 = 0.9606, which is
associated with engine 16 (this engine is ef� cient because it has a

Table 5 Engineering ef� ciency data and comparison with DEA theta values

DEA vs engineering ef� ciency

DEA Engine Engineering
ef� ciency (h ) in order ef� ciency g (%)

Parameter values Engineering ef� ciency

T (N) V (m/s) ÇQ (W) g (%) Engine number

3,358 236 3,318,201 23.88 1 1 14 37.63
3,634 236 3,678,804 23.31 2 1 13 37.63
4,680 236 4,288,798 25.75 3 1 29 36.45
3,897 236 3,439,011 26.74 4 1 11 35.90
6,512 236 5,052,649 30.41 5 1 18 34.09

22,103 237 17,604,855 29.78 6 1 16 33.97
21,752 252 17,588,661 31.17 7 1 15 31.06
21,729 237 17,254,562 29.87 8 1 3 25.75
22,241 237 16,069,943 32.83 9 1 19 25.68
25,977 237 17,856,403 34.51 10 0.9998 27 36.47
29,358 237 19,397,176 35.90 11 0.9986 24 32.72
4,386 236 4,099,486 25.24 12 0.9941 20 32.18

77,844 237 49,072,645 37.63 13 0.9898 17 34.03
77,844 237 49,072,645 37.63 14 0.9838 10 34.51
51,399 237 39,256,229 31.06 15 0.9749 28 32.24
53,378 237 37,273,640 33.97 16 0.9628 23 30.29
25,586 237 17,835,480 34.03 17 0.9496 22 28.84
25,679 237 17,869,464 34.09 18 0.9285 9 32.83
21,885 242 20,668,104 25.68 19 0.9238 8 29.87
53,156 252 41,629,242 32.18 20 0.9114 6 29.78
28,913 252 20,400,200 35.72 21 0.9105 21 35.72
4,951 236 4,051,324 28.84 22 0.9022 26 32.33

37,601 237 29,447,028 30.29 23 0.9015 12 25.24
38,699 237 28,055,532 32.72 24 0.8961 2 23.31
42,236 252 32,155,309 33.10 25 0.8937 4 26.74
48,930 252 38,141,848 32.33 26 0.8928 25 33.10
52,547 252 36,310,576 36.47 27 0.8780 5 30.41
37,787 237 27,806,745 32.24 28 0.8652 7 31.17
57,827 246 39,047,805 36.45 29 0.8575 1 23.88

a) b)

Fig. 2 Comparative portrayal by means of regression analysis for a) all 29 engine data and b) 27 engine data, except the data of engines 3 and 19.

positive coef� cient). A printout comparison in the manner of Table
4 would show engines 16 and 20 to be very close in their outputs
and in the weight input. The other two inputs, however, show very
large inef� ciencies for engine 20 compared with those of 16.

B. Comparison with Engineering Ef� ciency

By using the standard engineering de� nition for calculating the
ef� ciency of a jet engine, we can obtain a comparison between
DEA and engineering ef� ciency. The formula used for calculating
the traditional engineering ef� ciency is

g o = ToVo / ÇQo (15)

where To is the thrust of the engine (taken at cruise), Vo is the cruise
velocity of the jet, and ÇQo is the heat input from fuel (mass � ow
rate of fuel times low heating value).1 The low heating value for all
engines was calculated with JP-4 jet fuel.

The engineering ef� ciencies are calculated and presented in the
middle of Table 5 for all 29 engines. Table 5 also shows the DEA
radial ef� ciency scores (theta), as in Table 2, to compare these two
ef� ciency results. The DEA study indicated that engines 3 and 19
were ef� cient, but the engineering ef� ciency is low.

We should note that the use of different input–output criteria in
DEA affects the difference (or discrepancy) between the DEA and
engineeringef� ciencies.When the input–output criteria for DEA is
the same as the traditional engineeringef� ciency measure given by
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Eq. (5), the relative ranking of all engines is the same as expected.
DEA considers weight of the engine as an input and air� ow as an
output, and these do not show up in the engineering approach to
overall ef� ciency. This is clear if engines 13 and 14 are compared,
as is done in Table 4. The engineering ef� ciencies are exactly the
same, which would be expectedif air� ow were not considered.Note
that nonzero slack for air� ow in Table 4 is the only parameter that
differs between engines 13 and 14, and this relative inef� ciency in
performance is not re� ected in the engineering measure used.

To provide a differentperspective,we turn to the scatter diagrams
andregressionsexhibitedin Fig. 2, where x , the explanatoryvariable
represents engineeringef� ciency (g ) and y, the dependent variable,
represents the DEA evaluation (h ¤ ). Figure 2a suggests that two
engines, 3 and 19, might be characterizedas outliers.

To check this possibility we return to Table A2 in Appendix A.
Moving to the peer group columns, we note that engines 3 and
19 are designated as self-evaluators (in DEA terminology). This
characterization can have a variety of causes. It can, for instance,
mean that special features are present that set such a self-evaluator
apart from all of the rest. Alternativelyit can mean that only the (one
or more) special featuresof the engine beingevaluatedare the cause
of this achieved score, although other aspects of its performance
are poor. The engineering ef� ciencies calculated for engines 3 and
19 suggest that this may be the case here. In any event, DEA has
identi� ed each of engines3 and 19 as being evaluatedby itself, viz.,
it is the only member of its own peer group.

This suggests that other analytical tools might well be brought
to bear in order to ensure that relative inef� ciencies are not being
concealed in this manner. Further illustration is given in Appendix
B with an analytical tool, or envelopmentmap. See, e.g., Ref. 12 for
a use of these tools in association with the use of DEA to evaluate
maintenanceactivitiesin theU.S. Air ForceFighterCommand.Here
we simply treat this as justi� cation for regarding engines 3 and 19
as outliers and therefore remove these observations. The resulting
new regression is shown in Fig. 2b.

Evidently this removal improves the regression � t as measured
by R2. Moreover, all parameter estimates are statistically signif-
icant in both regressions, and the increase in R2, going from

Appendix A: Summary Tables for Secondary Data and DEA Results
Table A1 Secondary data used to calculate drag input in Table 1

Engine TSFC, Mach Altitude, a, Cruise velocity, Diameter, Density Density,b

number (lb¢ m/h)/ft¢ lb number kft a /aref
a ft/s ft/s in. (ratio) lbm/ft3

1 0.815 0.80 40 0.8671 967.68 774.15 28.2 0.2471 0.018895737
2 0.835 0.80 40 0.8671 967.68 774.15 28.2 0.2471 0.018895737
3 0.756 0.80 40 0.8671 967.68 774.15 28.2 0.2471 0.018895737
4 0.728 0.80 40 0.8671 967.68 774.15 28.2 0.2471 0.018895737
5 0.640 0.80 40 0.8671 967.68 774.15 43.0 0.2471 0.018895737
6 0.657 0.80 35 0.8717 972.82 778.25 68.3 0.3108 0.023766876
7 0.667 0.85 35 0.8717 972.82 826.89 60.0 0.3108 0.023766876
8 0.655 0.80 35 0.8717 972.82 778.25 60.0 0.3108 0.023766876
9 0.596 0.80 35 0.8717 972.82 778.25 68.3 0.3108 0.023766876
10 0.567 0.80 35 0.8717 972.82 778.25 72.3 0.3108 0.023766876
11 0.545 0.80 35 0.8717 972.82 778.25 84.0 0.3108 0.023766876
12 0.771 0.80 40 0.8671 967.68 774.15 35.4 0.2471 0.018895737
13 0.520 0.80 35 0.8717 972.82 778.25 134.0 0.3108 0.023766876
14 0.520 0.80 35 0.8717 972.82 778.25 134.0 0.3108 0.023766876
15 0.630 0.80 35 0.8717 972.82 778.25 86.4 0.3108 0.023766876
16 0.576 0.80 35 0.8717 972.82 778.25 93.0 0.3108 0.023766876
17 0.575 0.80 35 0.8717 972.82 778.25 63.0 0.3108 0.023766876
18 0.574 0.80 35 0.8717 972.82 778.25 58.0 0.3108 0.023766876
19 0.779 0.80 30 0.8911 994.47 795.57 49.2 0.3747 0.028653309
20 0.646 0.85 35 0.8717 972.82 826.89 96.6 0.3108 0.023766876
21 0.582 0.85 35 0.8717 972.82 826.89 84.8 0.3108 0.023766876
22 0.675 0.80 40 0.8671 967.68 774.15 36.5 0.2471 0.018895737
23 0.646 0.80 35 0.8717 972.82 778.25 73.9 0.3108 0.023766876
24 0.598 0.80 35 0.8717 972.82 778.25 74.5 0.3108 0.023766876
25 0.628 0.85 35 0.8717 972.82 826.89 84.8 0.3108 0.023766876
26 0.643 0.85 35 0.8717 972.82 826.89 85.8 0.3108 0.023766876
27 0.570 0.85 35 0.8717 972.82 826.89 86.3 0.3108 0.023766876
28 0.607 0.80 35 0.8717 972.82 778.25 74.5 0.3108 0.023766876
29 0.557 0.83 35 0.8717 972.82 807.44 110.0 0.3108 0.023766876

aaref = 1116 ft/s. b q ref = 0.07647 lbm/ft3 .

Fig. 2a to Fig. 2b, is also signi� cant. Second, the t values associ-
ated with slopes 0.6171 and 0.8809 increases from t =2.949 (with
p =0.0034) to t =4.553 (with p ¼ 0.000+ ).

Although statistical signi� cance is achieved, both R2 < 0.5,
which means that the explanatory power is low. To remedy this it
would be necessary to add more variables to these regressionsif the
engineering and the DEA results are to be brought closer together.
However, it is not clear how to augment the single output–single
input engineering de� nition. On the other hand, there is no reason
why more variables cannot be added to the DEA analysis, and this
would seem to be the way to go, rather than trying to reduce the
number of variables used in the DEA analysis (in order to bring it
closer to the engineering de� nition).

V. Conclusions
In this example, we gave attention to only technical ef� ciencies

of jet engines so that we could effect comparisons between DEA
and engineering de� nitions of ef� ciency. This kind of comparison
can be extended to include economic and/or other considerations.
In DEA this would extend the model to allow for tradeoffs between
some inputs or outputs in which some could be worsened in favor
of improving other inputs or outputs when there is an economic
advantage. This extension is referred to as allocative ef� ciency in
DEA and, as described by Charnes et al.,13 extensions can be made
to describe yet other types of ef� ciency.

When the parameters chosen for the DEA are the same as those
used to determine the engineering ef� ciency, the results (i.e., rel-
ative ranking) are the same. However, this study was intended to
show how other parameters (such as weight, engine drag, and fuel
consumption) could be accounted for in producing an alternative
ef� ciency rating of a jet engine.

Another added value in using DEA is that it returns not only
an overall inef� ciency parameter value, but also the amount of the
inef� ciencyin each inputandoutput.In addition,it identi� es thepeer
group from which these evaluations are made. It should, however,
be noted that the ef� ciency rating returned by DEA is a relative
rating, as obtained by a comparison of each engine with all other
engines by use of the same inputs and outputs. As is commonly
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Table A2 DEA results for 29 turbofan jet engines

Inputb Outputb Input slack Output slack
Engine Fuel Cruise Radial Fuel Cruise Peer groupc

number consumption Weight Drag Air� ow thrust theta consumption Weight Drag Air� ow thrust Lambda

1 615 743 246 113 755 0.8575 29.96 0 0 0 0 #3 #15 #29
497.40 637.12 210.95 113 755 0.2633 0.0259 0.0137

2 682 754 246 118 817 0.8961 67.59 0 0 0 0 #3 #15 #29
543.55 675.66 220.44 118 817 0.2947 0.0319 0.0107

3a 795 899 246 143 1,052 1.0000 0 0 0 0 0 Itself
795 899 246 143 1,052

4 638 836 246 123 876 0.8937 0 0 0 0 0 #3 #15 #18 #29
570.17 747.12 219.85 123 876 0.2727 0.0252 0.0403 0.0050

5 937 1,325 571 210 1,464 0.8780 0 0 0 3.34 0 #11 #16
822.71 1,163.39 501.36 213.34 1,464 0.0929 0.0686

6 3,265 4,671 1,831 817 4,969 0.9114 149.77 0 52.58 0 0 #16 #29
2,825.95 4,257.15 1,616.19 817 4,969 0.2553 0.1466

7 3,262 4,301 1,595 655 4,890 0.8652 0 0 0 16.40 0 #15 #16 #18
2,822.28 3,721.23 1,379.99 671.40 4,890 0.0090 0.3982 0.0013

8 3,200 4,301 1,413 688 4,885 0.9238 0 0 0 0 0 #15 #16 #18 #29
2,956.16 3,973.26 1,305.33 688 4,885 0.2480 0.0392 0.1724 0.0426

9 2,980 4,975 1,831 852 5,000 0.9285 0 0 0 0 0 #14 #16 #18 #29
2,767.05 4,619.49 1,700.16 852 5,000 0.0864 0.0981 0.1588 0.1073

10 3,311 5,494 2,052 1,027 5,840 0.9838 0 0 0 0 0 #14 #16 #18 #29
3,257.36 5,405.00 2,018.76 1,027 5,840 0.0579 0.1334 0.1171 0.1962

11a 3,597 5,494 2,770 1,027 6,600 1.0000 0 0 0 0 0 Itself
3,597 5,494 2,770 1,027 6,600

12 760 850 387 140 986 0.9015 118.41 0 62.97 0 0 #16 #29
566.73 766.28 285.91 140 986 0.0769 0.0048

13 9,100 16,664 7,049 3,000 17,500 1.0000 0 0 0 120 0 #14
9,100 16,664 7,049 3,120 17,500 1.0000

14a 9,100 16,664 7,049 3,120 17,500 1.0000 0 0 0 0 0 Itself
9,100 16,664 7,049 3,120 17,500

15a 7,280 8,490 2,930 1,476 11,555 1.0000 0 0 0 0 0 Itself
7,280 8,490 2,930 1,476 11,555

16a 6,912 9,135 3,395 1,650 12,000 1.0000 0 0 0 0 0 Itself
6,912 9,135 3,395 1,650 12,000

17 3,307 5,224 1,558 848 5,752 0.9898 0 0 0 0 0 #14 #16 #18 #29
3,273.27 5,170.72 1,542.11 848 5,752 0.0290 0.1439 0.5628 0.0206

18a 3,314 5,511 1,321 825 5,773 1.0000 0 0 0 0 0 Itself
3,314 5,511 1,321 825 5,773

19a 3,833 3,474 1,197 327 4,920 1.0000 0 0 0 0 0 Itself
3,833 3,474 1,197 327 4,920

20 7,720 9,140 4,135 1,639 11,950 0.9941 768.14 0 742.00 0 0 #15 #16
6,906.31 9,086.07 3,368.60 1,639 11,950 0.0366 0.9606

21 3,783 7,300 3,187 1,210 6,500 0.9105 0 356.15 300.01 0 0 #14 #29
3,444.42 6,290.50 2,601.75 1,210 6,500 0.2720 0.1338

22 751 993 411 180 1,113 0.9496 79.33 0 32.98 0 0 #16 #29
633.82 942.95 357.31 180 1,113 0.0607 0.0295

23 5,461 7,294 2,144 1,142 8,453 0.9628 0 0 0 0 0 #3 #15 #18 #29
5,257.85 7,022.66 2,064.24 1,142 8,453 0.8459 0.3793 0.5330 0.0080

24 5,203 7,189 2,179 1,150 8,700 0.9986 0 0 0 29.90 0 #15 #16 #18
5,195.72 7,178.94 2,175.95 1,179.90 8,700 0.3059 0.1505 0.5819

25 5,963 9,195 3,187 1,380 9,495 0.8928 0 0 0 41.70 0 #14 #16 #18
5,323.77 8,209.30 2,845.35 1,421.70 9,495 0.1430 0.3657 0.4511

26 7,073 9,814 3,262 1,513 11,000 0.9022 0 0 0 4.49 0 #15 #16 #18
6,381.26 8,854.19 2,942.98 1,517.49 11,000 0.0811 0.6206 0.4530

27 6,733 9,874 3,300 1,604 1,1813 0.9998 0 0 0 86.50 0 #14 #16 #18
6,731.92 9,872.42 3,299.47 1,690.50 11,813 0.0671 0.6041 0.5872

28 5,156 7,306 2,179 1,151 8,495 0.9749 0 0.14 0 11.90 0 #15 #16 #18
5,026.58 7,122.48 2,124.31 1,162.90 8,495 0.2253 0.1787 0.6490

29a 7,241 13,133 5,113 2,700 13,000 1.0000 0 0 0 0 0 Itself
7,241 13,133 5,113 2,700 13,000

aDEA ef� cient engines.
bFor the input–output data of each engine, the � rst row represents the actual data observed and the row immediately following represents the CCR projected values.
cUnder this column, “Itself” means that there is no member of peer group for the engine being evaluated except itself.

done in engineering, an ideal (theoretical maximum) device could
be added to the group to ensure that all devices would contain the
ideal device in their peer group. However, this was not done here
because we wanted to emphasize that DEA proceeds with minimal
structureand can be used when such additionalknowledgeor theory
is not available.

So far as we are aware, this is a � rst use of DEA in engineering.
See the extensive bibliography in Ref. 2 on the uses of DEA. Sub-
sequent uses of DEA in engineering are quite possible, so future
study is warranted that could also lead to new tools and still further
extensions.

Appendix B: Envelopment Map
and the Related Interpretations

Figure B1 showsanenvelopmentmap for the29 engines thatwere
evaluated by DEA. The basic idea is to use this matrix arrangement
to examine the extent to which the evaluationsof each engine re� ect
interactionswith other engines like ones that should be expected to
appear in the relative evaluations that are being effected in DEA.

Reference to the total of 4 for engine 3 at the bottomof its column
re� ects the � ve check marks that show where this engine was used
as part of a reference group to evaluate other engines. Subtracting
the one time it was used to evaluate itself produces the net, four
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Fig. B1 Envelopment map for 29 jet engines.

Fig. B2 Comparativeportrayal by means of regression analysis for 28
engine data, except the data of engine 19.

times, in which it was used to evaluate other engines. Conversely
row 3 shows that engine 3 was evaluated by itself and not by any
other engine. Hence the net row total is 0.

These outcomes provide evidence that engine 3 interacts with
other engines in a way that helps to justify the ef� ciency charac-
terizations it achieved in the preceding analysis. This interaction is
different than the one for engine 19, which was also evaluated as
DEA ef� cient with h ¤ = 1 and zero slack in Table A2. Reference
to the net value at the foot of column 19 and on the right for row
19 shows a zero in both cases. Hence engine 19 did not serve as a
member of a reference group to evaluate any other engine and was
not evaluated by any other engine. It truly seems to be an outlier in
the statistical sense or, in DEA terms, it has the property of what
is called an inef� cient self-evaluator.For a detailed examination of
inef� cient self-evaluatorswith their identi� cation and uses in DEA,
see Ref. 14.

We now use this information to re� ne our approach to the treat-
ment of outliers. In the text of the paper, we removed both engines
3 and 19. Here we remove only engine 19 and calculate a new re-
gression to achieve the results shown in Fig. B2. As can be seen in
this � gure, this regression lies in between the other two regressions
in both its slope and intercept values. The results are statistically
signi� cantly different from zero, with R2 = 0.3354, t =3.622, and
p =0.000656.

Applying the Chow test to Figs. 2b and B2, we obtain F2,51 =
5.65332 which is highly signi� cant with p =0.00606. We utilized

Fig. 2b in reaching our conclusions on the relations between the
engineering and the DEA de� nitions of ef� ciencies. These conclu-
sions are not changed by moving to Fig. B2, as we now do for the
further light it can throw on DEA and its uses.

In moving from Fig. 2a to Fig. 2b we proceeded to remove both
engines 3 and 19, as is common in the statistical treatment of out-
liers. Now we proceed to remove only engine 19. From a statistical
standpoint the same results would be securedby removing engine3.
However, as our envelopment map shows, engine 3 is involved in
the evaluation of four other engines whereas engine 19 is involved
only in its own evaluation.Thus the removalof engine 19 has no fur-
ther effect. Removal of engine 3, however, can (and generally will)
have effects on the ef� ciency value of other engines. In particular,
its removal can effect the ef� ciency values of engines 1, 2, 4, and
23. This means that the removal of engine 3 will produce a change
in the ef� ciency scores of these other engines unless, in every one
of these four cases, there is an alternative optimum that does not
involve engine 3 actively as a member of the peer group that forms
the basis used in arriving at the performance evaluation.

Thus we see that DEA and its methods, in addition to its uses in
engineering can help in statistical analyses of outliers. Other uses
in statistics, including uses of DEA to check statistical results, may
be found in Ref. 15.
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